Constraints on the cosmic distance duality relation with simulated data
  of gravitational waves from the Einstein Telescope by Yang, Tao et al.
ar
X
iv
:1
71
0.
10
92
9v
2 
 [a
str
o-
ph
.C
O]
  2
1 J
an
 20
19
Constraints on the cosmic distance duality relation with simulated data of
gravitational waves from the Einstein Telescope
Tao Yang,1, ∗ R. F. L. Holanda,2, † and Bin Hu1, ‡
1Department of Astronomy, Beijing Normal University, Beijing, 100875, China
2Departamento de Fisica Teorica e Experimemntal,
Universidade Federal do Rio Grande do Norte, 59078-970, Natal - RN, Brasil
(Dated: January 23, 2019)
The cosmic distance duality relation (CDDR) has been test through several astronomical obser-
vations in the last years. This relation establishes a simple equation relating the angular diameter
(DA) and luminosity (DL) distances at a redshift z, DLD
−1
A (1 + z)
−2 = η = 1. However, only very
recently this relation has been observationally tested at high redshifts (z ≈ 3.6) by using luminosity
distances from type Ia supernovae (SNe Ia) and gamma ray bursts (GRBs) plus angular diameter
distances from strong gravitational lensing (SGL) observations. The results show that no significant
deviation from the CDDR validity has been verified. In this work, we test the potentialities of future
luminosity distances from gravitational waves (GWs) sources to impose limit on possible departures
of CDDR jointly with current SGL observations. The basic advantage of DL from GWs is being
insensitive to non-conservation of the number of photons. By simulating 600, 900 and 1200 data of
GWs using the Einstein Telescope (ET) as reference, we derive limits on η(z) function and obtain
that the results will be at least competitive with current limits from the SNe Ia + GRBs + SGLs
analyses.
I. INTRODUCTION
In recent years, the unprecedented quality and quan-
tity of astronomical data has thrown cosmology into
the age of precision. The main cosmological parame-
ters have been obtained with errors of a few percent
through measurements of the cosmic background radi-
ation (CMB) anisotropies [1, 2], observations of type Ia
supernovae (SNe Ia) [3, 4] and measurements of the clus-
tering of galaxies at different stages of the universe evo-
lution [5, 6, 7, 8] (we refer the reader to [9] for a recent
review).
This set of observations has established the ΛCDM
model as the standard scenario. However, there is still
no satisfactory understanding or description of the main
components of this model, namely, the cold dark mat-
ter (CDM) and dark energy (Λ) fields. This motivates
the need to probe the foundations and fundamental hy-
potheses of the standard cosmology. In recent works,
the assumption of homogeneity and isotropy of the Uni-
verse on large scales has been probed [10, 11, 12, 13, 14],
as well as the constancy of the fine structure constant
[15, 16, 17, 18] and the CMB temperature evolution stan-
dard law [19, 20, 21]. The validity of the cosmic distance
duality relation (CDDR), which relates the luminosity
distance DL of an object at a given redshift z to its angu-
lar diameter distanceDA viaDLD
−1
A (1+z)
−2 = 1 [22, 23]
has also been investigated. The CDDR is the subject of
the present work.
The cosmic distance duality relation (CDDR) is the
astronomical version of the reciprocity theorem derived
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by [22], which is based on fact that many geometric
properties are invariant when the roles of the source
and observer in astronomical observations are trans-
posed. The reciprocity relation holds when photons
follow null geodesic and the geodesic deviation equa-
tion is valid, while the CDDR holds if the reciprocity
relation is valid and the number of photon is con-
served. Thus, the possibilities of the CDDR violation
are: non-conservation of the number of photons or evi-
dence for a non-metric theory of gravity, in which pho-
tons do not follow null geodesic [24] (see also [25]). In
the former case, non-conservation of the total number
of photons can be related to presence of some opac-
ity source and non-standard mechanisms such as the
axion-photon conversion induced by intergalactic mag-
netic fields [26, 27, 28, 29] or scalar fields with a non-
minimal multiplicative coupling to the electromagnetic
Lagrangian [30, 31, 32, 33]. We should note that the
violation of CDDR may also be related to the modified
gravity theory [34], in which the luminosity distance for
GWs can differ from that for electromagnetic signals. In
this paper, the main motivation is using the GW instead
of the SNe Ia to avoid the no-conservation of photos.
However, as one may see, any observational deviation
from the CDDR validity would be an indication for new
physics.
Several tests have been proposed in the past years as-
suming a deformed CDDR relation, such as: DLD
−1
A (1+
z)−2 = η(z). The ideal way to observationally test the
CDDR is via independent measurements of intrinsic lu-
minosities and sizes of the same object, without using
a specific cosmological model [35]. We may quote ap-
proaches involving: measurements of the angular diam-
eter distance (ADD) of galaxy clusters, observations of
SNe Ia, estimates of the cosmic expansionH(z) from cos-
mic chronometers, measurements of the gas mass fraction
2in galaxy clusters and observations of strong gravitational
lensing (SGL) [36, 37, 38, 39, 40, 41, 42, 43, 44, 45]. All
these tests were performed using different sources for DA
and DL. On the other hand, the Ref. [35] proposed a
test which uses exclusively DL and DA measurements of
the very same object (massive galaxy clusters), obtained
from their Sunyaev-Zel’dovich and X-ray observations.
Also, in order to test the CDDR at high-z, Refs. [46, 47]
considered a sample of strong gravitational lensing sys-
tem along with the latest gamma-ray burst distance mod-
ulus data [48]. No significant deviation from the CDDR
validity was verified, although the results did not com-
pletely rule out η 6= 1. It is worth mentioning that a
common limitation of all aforementioned tests is that, if
η 6= 1 is obtained, the fundamental reason for the depar-
ture may not be known since the results of these tests
are sensitive to both conditions for the CDDR violation.
On the other hand, the recent detection of an elec-
tromagnetic counterpart (GRB 170817A) to the gravita-
tional wave signal (GW170817) from the merger of two
neutron stars [51, 52, 53, 54] have opened the possibil-
ity to obtain not only important astrophysical informa-
tion on the emitting sources, but also to probe cosmol-
ogy [55, 56]. This makes the first time that a cosmic
event has been viewed in both gravitational waves and
light. Thus opens the windows of a long-awaited multi-
messenger astronomy. The application in cosmology was
first proposed by Schutz in 1986, who showed that it
is possible to determine the Hubble constant from GW
observations, by using the fact that GWs from stellar
binary systems encode distance information [57]. Thus
the inspiraling and merging compact binaries consisting
of neutron stars (NSs) and black holes (BHs), can be
considered analogously as the supernovae (SN) standard
candles, namely the standard sirens. Unlike SNe Ia, from
GWs one can measure the luminosity standard siren di-
rectly without the need of cosmic distance ladder: stan-
dard sirens are self-calibrating. This property can help us
dodge the influence of the conservation of the number of
photon on the test of CDDR, which should be considered
when one uses the SNe Ia observations. Combining the
measurements of the sources’ redshitfs from, for example,
the electromagnetic (EM) counterpart one can obtain the
luminosity distance and redshift relationship.
In this paper, we explore the ability of the gravita-
tional wave detections to constrain a possible departure
from the CDDR. The analyses are performed by using
luminosity distances of simulated data of gravitational
waves while the angular diameter distances are from 118
strong gravitational lensing systems with redshift ranges
0.075 ≤ zl ≤ 1.004 and 0.20 ≤ zs ≤ 3.60. We es-
timate the constraints on η(z) parameterisations from
the simulation of 600, 900 and 1200 data of GWs us-
ing the Einstein Telescope (ET) as reference. The ET is
a third-generation ground-based detector of GWs being
ten times more sensitive in amplitude than the advanced
ground-based detectors, covering the frequency range of
1− 104 Hz. We use Gaussian process (GP) to obtain the
luminosity distances for each SGL system from simulated
GW data. In order to compare our results with the previ-
ous one of Refs. [46, 47] , which tested the CDDR using
SGL, SNe Ia and GRBs, we consider threes functional
forms of η(z): η(z) = 1+ η0z, η(z) = 1+ η0z/(1+ z) and
η(z) = 1 + η0 ln(1 + z) (if η0 = 0 the validity is verified).
As result, we obtain that future results from GWs will
be at least competitive with current limits from current
analyses.
II. TESTING THE CDDR WITH STRONG
GRAVITATIONAL LENSING
Recently, some works used strong gravitational lensing
observations to test the CDDR in a cosmological model
independent approach [45, 46, 47]. For a flat universe,
the approach is as follows.
Let us consider the following observational quantity
obtained from strong gravitational lensing systems:
D =
DAls
DAs
=
θEc
2
4πσ2SIS
, (1)
where the subindices (ls), (s) and (l) correspond to lens-
source, source and lens, respectively. The comoving dis-
tance rls can be written as
rls = rs − rl. (2)
Using rs = (1 + zs)DAs , rl = (1 + zl)DAl and rls =
(1 + zs)DAls , one may find
D = 1− (1 + zl)DAl
(1 + zs)DAs
. (3)
Finally, if one considers the deformed CDDR, such as,
DLD
−1
A (1 + z)
−2 = η(z), the above expression takes the
form
(1 + zs)η(zs)
(1 + zl)η(zl)
= (1−D)DLs
DLl
. (4)
III. LUMINOSITY DISTANCE FROM
GRAVITATION WAVE SOURCES
In this section, we briefly introduce the concept of stan-
dard siren and summarize the method of [58] employed
to simulate observations of GW standard sirens from the
ET. The data produced in [58] has been used to forecast
the constraints of cosmological parameters such as H0,
Ωm and the equation of state w (see also [59]).
The Einstein Telescope is the third generation of the
ground based GW detector. As proposed by the design
document, it consists of three collocated underground
detectors, each with 10 km arm and with a 60◦ open-
ing angle. The ET is envisaged to be ten times more
sensitive in amplitude than the advanced ground-based
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FIG. 1. In all figures the luminosity distances and errors obtained from the simulated GW data for each SGL system are
shown as red open circles. The luminosity distances and errors obtained for each SGL system by using Gaussian Process are
shown as black filled circles. From left to right the number of the simulated GW data is 600, 900, and 1200.
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FIG. 2. The likelihood functions from our analyses. In Figs.(a), (b) and (c) we plot the results by using 600, 900 and 1200
GWs simulated. In all figures the black, red and blue curves are for P1, P2 and P3 η(z) functions.
detectors, covering the frequency range of 1 − 104 Hz.
Here we use ET to simulate the GW observations. As
for the sources’ redshifts, the binary merger of a NS with
either a NS or BH is considered to be the progenitor of a
short and intense burst of γ-rays (SGRB), an EM coun-
terpart like SGRB can provide the redshift information
if the host galaxy of the event can be pinpointed. The
expected rates of BNS and BHNS detections per year for
the ET 1 are about the order 103− 107. However, only a
small fraction (10−3) is expected to have the observation
of SGRB. In this work we take the detection rate in the
middle range (105), thus the order 102 events with SGRB
per year.
For the waveform of GW, we also apply the stationary
phase approximation to compute the Fourier transform
H(f) of the time domain waveform h(t),
H(f) = Af−7/6 exp[i(2πft0 − π/4 + 2ψ(f/2)− ϕ(2.0))],
(5)
where the Fourier amplitude A is given by
A = 1
dL
√
F 2+(1 + cos
2(ι))2 + 4F 2× cos
2(ι)
×
√
5π/96π−7/6M5/6c . (6)
1 http://www.et-gw.eu/
Here Mc denotes the observed chirp mass, dL is the lu-
minosity distance which plays the most important role
in our purpose. The definition of the beam pattern func-
tion F for ET and the phase parameters such as the angle
of inclination ι, the functions ψ and ϕ(2.0) can be found
in [58, 60].
Since it is expected that SGRBs are strongly
beamed [61, 62, 63], a coincident observation of the
SGRB implies that the binary was orientated nearly face
on, i.e., ι ≈ 0. In fact the maximal inclination is about
ι = 20◦; however, averaging the Fisher matrix over the
inclination ι and the polarization ψ with the constraint
ι < 20◦ is approximately the same as taking ι = 0 [64].
Therefore, when we simulate the GW source we can take
ι = 0 and the Fourier amplitude A in Eq. (6) will not
then depend on the polarization angle ψ.
Using the Fisher matrix, we can calculate the uncer-
tainty of the measurement of luminosity distance from
the detector. We simulate 600, 900 and 1200 GW events
with the redshift information provided by the SGRB (see
red open circles in Figs. 1a, 1b and 1c). The fiducial
model we choose is the concordant model based on the
most recent Plank results [65]:
h0 = 0.678, Ωm = 0.308, ΩK = 0, w = −1, (7)
hereH0 = 100h0km s
−1Mpc−1. The dL−z data sets from
ET can extend the reshifts range up to z ∼ 5, which can
easily cover the redshift range of the SGL system. Thus
it is suitable to combine these two data sets to test the
CDDR.
4We use the Gaussian process method to obtain lu-
minosity distances and their errors for each SGL sys-
tem from the mock GW data (see black filled circles
in figs. 1a, 1b and 1c). The luminosity distance errors
from 1200 and 900 simulated points are around 15% and
30%, respectively, smaller than those from 600 points.
The Gaussian process 2 is designed to use the supervised
learning to build a model (or function) from the training
data and then use the model to forecast the new sam-
ples. The distribution over functions provided by GP is
suitable to describe the observed data. At each point z,
the reconstructed function f(z) is also a Gaussian dis-
tribution with a mean value and Gaussian error. The
functions at different points z and z˜ are related by a co-
variance function k(z, z˜), which only depends on a set of
hyperparameters ℓ and σf . Here ℓ gives a measure of the
coherence length of the correlation in x-direction and σf
denotes the overall amplitude of the correlation in the y-
direction. Both of them will be optimized by GP with the
observed data set. In contrast to actual parameters, GP
does not specify the form of the reconstructed function.
Instead it characterizes the typical changes of the func-
tion. According to [66], we choose the kernel function as
the mate´rn (ν = 9/2) form
k(z, z˜) =σf
2 exp
(
−3 |z − z˜|
ℓ
)
×
[
1 +
3 |z − z˜|
ℓ
+
27(z − z˜)2
7ℓ2
+
18|z − z˜|3
7ℓ3
+
27(z − z˜)4
35ℓ4
]
. (8)
The GP method has been used in many works [67, 68,
69, 70], We use the GaPP code developed in [71] to de-
rive our results. For detailed description of the Gaussian
process, one can refer to [71], see also [72, 73, 74]. The
reconstructed dL− z points from simulated GW data for
each SGL system are plotted in Fig. 1.
IV. DATA
The angular diameter distance data used in our anal-
yses were reported in Ref. [49] for 118 SGL systems ob-
served by the Sloan Lens ACS survey (SLACS), BOSS
Emission-Line Lens Survey (BELLS), Lenses Structure
and Dynamics Survey (LSD) and Strong Legacy Sur-
vey SL2S surveys. In this compilation, the 118 lens and
sources are in the redshift ranges: 0.075 ≤ zl ≤ 1.004 and
0.20 ≤ zs ≤ 3.60. Since several studies have shown that
slopes of density profiles of individual galaxies show a
non-negligible scatter from the singular isothermal sphere
[50], we consider the approach of [49] to describe the lens-
ing systems called Power Law model. In the power law
model (PLaw), a spherically symmetric mass distribution
in lensing galaxies is assumed to obey a more general
2 http://www.gaussianprocess.org/gpml/
power-law index γ, ρ ∝ r−γ . By using the PLaw model,
the Einstein radius is:
θE = 4π
σ2ap
c2
Dls
Ds
(
θE
θap
)2−γ
f(γ), (9)
where σap is the stellar velocity dispersion inside the
aperture of size θap and
f(γ) = − 1√
π
(5 − 2γ)(1− γ)
3− γ
Γ(γ − 1)
Γ(γ − 3/2)
×
[
Γ(γ/2− 1/2)
Γ(γ/2)
]2
. (10)
Therefore:
D = DAls/DAs =
c2θE
4πσ2ap
(
θap
θE
)2−γ
f−1(γ). (11)
As one may see, the distribution becomes a SIS for γ = 2.
All relevant information necessary to obtainD in Eq. (11)
for both models and perform our fit are in Table 1 of [49].
In our analyses (see next section), we marginalize over γ
by using the following flat prior: γ: 1.5 < γ < 3.0. Also
following [49], we replace σap by σ0 in the PLAW model.
In order to test the ability of the gravitational wave ob-
servations to impose limits on possible departures from
the CDDR, we consider the following CDDR parameter-
isations:
1. P1: η(z) = 1 + η0z;
2. P2: η(z) = 1 + η0z/(1 + z);
3. P3: η(z) = 1 + η0 ln(1 + z).
V. ANALYSES AND RESULTS
The constraints on the η0 parameter are derived by
evaluating the likelihood distribution function, L ∝
e−χ
2/2, with
χ2 =
118∑
i
[
(1+zsi )η(zsi )
(1+zli )η(zli )
− (1−Di)DLsiDL
li
]2
σ2i
(12)
where σ2i stands for the statistical errors associated to the
DL(z) of the GWs sources and the gravitational lensing
observations and it is obtained by using standard prop-
agation errors techniques. For the gravitational lensing
error one may show that:
σD = D
√
4(δσ0)2 + (1− γ)2(δθE)2 , (13)
Our results for η0 by using the 600, 900 and 1200 simu-
lated luminosity distance data are plotted in figures (2a),
(2b) and (2c). In all figures, the black, red and blue
solid lines correspond to P1, P2 and P3, respectively.
The black solid horizontal lines correspond to 1 and 2σ
5(C.L.). As one may see, the analyses are consistent with
the CDRR validity within 1σ (C.L.).
At this point, it is interesting to compare our fore-
cast results with some actual tests involving the angular
diameter distances from SGL systems. In Ref. [47] the
authors combined the 118 SGL measurements with lu-
minosity distances from the Union2.1 compilation and
the latest Gamma-Ray Bursts (GRBs) data. Two cos-
mological model-independent methods were considered
to associate the redshifts of SNe Ia and GRBs with the
redshits of the lens and source of observed from SGL
systems: In method A the SNe Ia + GRBs data with
|zSNe/GRB − zl| < 0.005 and |zSNe/GRB − zs| < 0.005
were binned; in method B a reconstruction of the lumi-
nosity distance with the smoothing method by combining
it with the Cross Statistic was performed. Other analysis
were also performed in Ref. [46], by fitting the luminos-
ity distance of SNe Ia and GRBs with a second degree
polynomial function.
By comparing the results at 1σ c.l., we obtain error
bars 40% smaller than that from the method A of the
Ref.[47], regardless the η(z) functions considered. The
1σ confidence level of each η(z) function is 0.035, By
considering the method B of this same reference, we ob-
tain larger error bars when the P1 and P2 functions are
considered, more precisely, 40% and 30%, respectively.
For the P3 function the error bars are similar. Finally,
by considering our results and those from Ref.[46], we ob-
tain that our error bars are 20%, 80% and 90% smaller
when the P1, P2 and P3 functions are considered, re-
spectively. The results did not depend on the number
GW simulated, showing that the errors of the SGL sys-
tems dominate the fits. As one may see, in most case
tighter limits are obtained by using luminosity distance
of GW sources. As commented earlier, the fundamental
advantage here is not only using different set data for the
luminosity distances at high redshifts but also the insen-
sitive of the GWs to non-conservation of the number of
photons.
VI. CONCLUSIONS
The direct observations of gravitational waves made
by LIGO/Virgo observatories opened up a new window
to observational cosmology. More precisely, for this kind
of event it is possible to measure the luminosity distance
from waveform and amplitude of the gravitational waves
observations, being this distance insensitive to a possible
non-conservation of the number of photons, unlike other
sources such as SNe Ia and GRBs.
In this work, we have used simulations based on the
Einstein telescope and tested the potentialities of future
measurements of the luminosity distances from gravita-
tional waves sources. We have place limits on possi-
ble departures from the cosmic distance duality relation
(CDDR) at high redshifts (z ≈ 3.6) jointly with current
estimates of the angular diameter distances from strong
gravitational lensing systems. Simulating 600, 900 and
1200 events, we obtained the luminosity distances for
each SGL system via Gaussian processes and put limits
on η(z) functions by considering three different parame-
terisations.
By comparing our results with previous ones (e.g.,
[46, 47]) which reported tests at high redshifts using cur-
rent data of SNe Ia, GRBs and SGL systems, we have
obtained that future measurements of the luminosity dis-
tances of gravitational waves sources will be at least com-
petitive with the current analyses. However, unlike SNe
Ia and GRBs observations, distance measurements from
GWs observations are insensitive to non-conservation of
the number of photons and, then, a non-standard physi-
cal can be identified if possible departure from the CDDR
validity is observationally verified.
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